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Abstract
Let ped(n) denote the number of partitions of n wherein even parts are
distinct (and odd parts are unrestricted). We show infinite families of con-
gruences for ped(n) modulo 8. We also examine the behavior of ped−2(n)
modulo 8 in detail where ped−2(n) denotes the number of bipartitions of n
with even parts distinct. As a result, we find infinite families of congruences
for ped2(n) modulo 8.
Keywords partitions and bipartitions with even parts distinct; congruences;
binary quadratic forms.
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1 Introduction
Let ped(n) denote the number of partitions of n wherein even parts are distinct
(and odd parts are unrestricted). The generating function for ped(n) ([1]) is
∞∑
n=0
ped(n)qn :=
(q4; q4)
∞
(q; q)
∞
=
∞∏
m=1
(1− q4m)
(1− qm) . (1.1)
Note that by (1.1), the number of partitions of n wherein even parts are distinct
equals the number of partitions of n with no parts divisible by 4, i.e., the 4-regular
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partitions (see [1] and references therein). The arithmetic properties were stud-
ied by Andrews, Hirshhorn and Sellers [1] and Chen [3]. For example, in [1],
Andrews, et al., proved that for all n ≥ 0,
ped(9n+ 4) ≡ 0 (mod 4) (1.2)
and
ped(9n+ 7) ≡ 0 (mod 4). (1.3)
Suppose that r is an integer such that 1 ≤ r < 8p, rp ≡ 1(mod 8), and (r, p) = 1.
By using modular forms, Chen [3] showed that if c(p) ≡ 0(mod 4), then, for all
n ≥ 0, α ≥ 1,
ped
(
p2αn+
rp2α−1 − 1
8
)
≡ 0 (mod 4) (1.4)
where c(p) is the p-th coefficient of η
4(16z)
η(8z)η(32z)
:=
∑
∞
n=1 c(n)q
n
. Note that in [3],
Chen didn’t show the coefficients of c(p) explicitly. Note also that in a beautiful
paper [4], Chen studied arithmetic properties for the number of k-tuple partitions
with even parts distinct modulo 2 for any positive integer k by using Hecke nilpo-
tency. Berkovich and Patane [2] calculated c(n) explicitly. In particular, they
showed that c(p) = 0 if and only if p = 2, p ≡ 5(mod 8) and p ≡ 3(mod 4).
As a direct application of Chen’s, Berkovich and Patane’s theorems, we have
the following.
Corollary 1.1. Let p be a prime which is congruent to 5 modulo 8 or congruent to
3 modulo 4 and suppose that r is an integer such that 1 ≤ r < 8p, rp ≡ 1(mod 8),
and (r, p) = 1, then
ped
(
p2αn+
rp2α−1 − 1
8
)
≡ 0 (mod 4)
for all n ≥ 0 and α ≥ 1.
Ono and Penniston [8] showed an explicit formula for Q(n) modulo 8 by using
the arithmetic of the ring of Z[
√−6] where Q(n) denotes the number of partitions
of an integer n into distinct parts. We are unable to explicitly determine ped(n)
modulo 8. But we can prove infinitely families congruences for ped(n) modulo 8.
Our first main result is the following.
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Theorem 1.2. Let p be a prime which is congruent to 7(mod 8). Suppose that r
is an integer such that 1 ≤ r < 8p, rp ≡ 1(mod 8), and (r, p) = 1, then for all
n ≥ 0, α ≥ 0, we have
ped
(
p2α+2n +
rp2α−1 + 1
8
)
≡ 0 (mod 8).
Example 1.3. For all n ≥ 0, α ≥ 0,
ped
(
72α+2n+
r × 72α+1 − 1
8
)
≡ 0 (mod 8),
for r = 15, 23, 31, 39 and 47.
Let ped
−2(n) be the number of bipartitions of n with even parts distinct. The
generating function of ped
−2(n) [5] is
∞∑
n=0
ped
−2(n)q
n :=
(q4; q4)2
∞
(q; q)2
∞
=
∞∏
m=1
(1− q4m)2
(1− qm)2 . (1.5)
Recently, in [5], Lin investigated arithmetic properties of ped
−2(n). In particular,
he showed following theorems:
Theorem 1.4. ([5]) For α ≥ 0 and any n ≥ 0, we have
ped
−2(n)
(
32α+2n +
11× 32α+1 − 1
4
)
≡ 0 (mod 3),
ped
−2(n)
(
32α+3n+
5× 32α+2 − 1
4
)
≡ 0 (mod 3).
Theorem 1.5 ([5]). ped
−2(n) is even unless n is of the form k(k + 1) for some
k ≥ 0. Furthermore, ped
−2(n) is a multiple of 4 if n is not the sum of two
triangular numbers.
As a corollary of Theorem 1.3 and 1.4, Lin proved an infinite family of con-
gruences for ped
−2(n) modulo 12:
ped
−2
(
32α+2n+
11× 32α+1 − 1
4
)
≡ 0 (mod 12),
for any integers α ≥ 0 and n ≥ 0.
As in [8], our second main achievement is to examine ped
−2(n) modulo 8 in
detail.
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Theorem 1.6. If n is a non-negative integer, then let N and M be the unique
positive integers for which
4n+ 1 = N2M
where M is square-free. Then the following are true:
(1) If M = 1, then ped
−2(n) is odd.
(2) If M = p, and ordp(4n+ 1) ≡ 1(mod 4), then ped−2(n) ≡ 2(mod 4).
(3) If M = p, and ordp(4n+ 1) ≡ 3(mod 8), then ped−2(n) ≡ 4(mod 8).
(4) If M = p1p2, where p1 and p2 are distinct primes, pi ≡ 1(mod 4) and
ordpi(4n+ 1) ≡ 1(mod 4) for i = 1, 2, then ped−2(n) ≡ 4(mod 8).
(5) In all other cases we have that ped
−2(n) ≡ 0(mod 8).
As a corollary to Theorem 1.5. we can show infinite families of congruences
for ped
−2(n) modulo 8.
Corollary 1.7. (i) For p ≡ 3(mod 4), and let 1 ≤ r < 4p, (r, p) = 1, rp ≡
1(mod 4), then we have
ped
−2
(
p2α+2n+
r × p2α+1 − 1
4
)
≡ 0 (mod 8), (1.6)
for α ≥ 0 and any n ≥ 0.
(ii) For p ≡ 1(mod 4), and let 1 ≤ r < 4p, (r, p) = 1, rp ≡ 1(mod 4), then we
have
ped
−2
(
p8α+8n+
r × p8α+7 − 1
4
)
≡ 0 (mod 8), (1.7)
for α ≥ 0 and any n ≥ 0.
Proof. Since the proof of (i) and (ii) are similar, we only give the proof of (ii).
Note that
4
(
p8α+8n+
r × p8α+7 − 1
4
)
+ 1 = p8α+7(4pn+ r),
so for any n, then from Theorem 1.7, (1.7) is obvious.
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Example 1.8. For r = 7, 11, for all n ≥ 0, α ≥ 0, we have
ped
−2
(
32α+2n+
r × 32α+1 − 1
4
)
≡ 0 (mod 8).
Combining Lin’s Theorem 1.5, we have
ped
−2
(
32α+2n+
11× 32α+1 − 1
4
)
≡ 0 (mod 24).
In section 2, we prove Theorem 1.2 and in section 3 we prove Theorem 1.7.
Our method is elementary which is motivated by that of Mahlburg’s [6]. We only
use the knowledge of binary quadratic forms.
Acknowledgments.
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2 Proof of Theorem 1.2
In this section, we prove Theorem 1.2. We need the following well-known identi-
ties [7]:
∞∏
n=1
(1− qn)2
(1− q2n) =
∞∑
n=−∞
(−1)nqn2 = 1 + 2
∞∑
n=1
(−1)nqn2, (2.1)
q
∞∏
n=1
(1− q16n)2
(1− q8n) =
∞∑
n=0
q(2n+1)
2
. (2.2)
Proof of Theorem 1.2. Since
∞∑
n=0
ped(n)qn :=
∞∏
n=1
(1− q4n)
(1− qn) =
∞∏
n=1
(1− q2n)2
(1− qn) ·
(1− q4n)
(1− q2n)2 ,
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so we have
∞∑
n=0
ped(n)q8n+1
= q
∞∏
n=1
(1− q16n)2
1− q8n ·
(1− q32n)
(1− q16n)2
=
(
∞∑
n=0
q(2n+1)
2
)
· 1
1 + 2
∑
∞
n=1(−1)nq16n2
(by (2.1), (2.2))
≡
(
∞∑
n=0
q(2n+1)
2
)1− 2 ∞∑
n=1
(−1)nq16n2 + 4
(
∞∑
n=1
(−1)nq16n2
)2 (mod 8).
From above, it is clear that ped(n) is odd if and only if 8n + 1 is a square. Note
that(
∞∑
n=1
(−1)nq16n2
)2
=
(
∞∑
m1,m2=1
(−1)m1+m2q16m21+16m22
)
= 2

 ∞∑
m1,m2=1
m1<m2
(−1)m1+m2q16m21+16m22

+
(
∞∑
n=1
q32n
2
)
.
So we have
∞∑
n=0
ped(n)q8n+1 ≡
(
1− 2
∞∑
n=1
(−1)nq16n2 + 4
(
∞∑
n=1
q32n
2
))
(2.3)
×
(
∞∑
n=0
q(2n+1)
2
)
(mod 8). (2.4)
Note that if 8n + 1 = p2α+1(8pm + r) where p ≡ 7(mod 8), (r, p) = 1, rp ≡
1(mod 8), then 8n + 1 can’t be represented by x2, x2 + y2 or x2 + 2y2. So for
these 8n + 1, from (2.3) and (2.4), it is easy to see that ped(n) ≡ 0(mod 8). This
completes the proof of Theorem 1.2.
3 Proof of Theorem 1.7
In this section, we prove Theorem 1.7. The method is similar to that of Theorem
1.2.
6
Proof of Theorem 1.7. Since
∞∑
n=0
ped
−2(n)q
n :=
∞∏
n=1
(1− q4n)2
(1− qn)2 =
∞∏
n=1
(1− q4n)2
(1− q2n) ·
(1− q2n)
(1− qn)2 ,
so by (2.1) and (2.2), we have
∞∑
n=0
ped
−2(n)q
4n+1 = q
∞∏
n=1
(1− q16n)2
1− q8n ·
(1− q8n)
(1− q4n)2
=
1
1 + 2
∑
∞
n=1(−1)nq4n2
×
(
∞∑
n=0
q(2n+1)
2
)
≡

1− 2 ∞∑
n=1
(−1)nq4n2 + 4
(
∞∑
n=1
(−1)nq4n2
)2
×
(
∞∑
n=0
q(2n+1)
2
)
(mod 8).
Note that(
∞∑
n=1
(−1)nq4n2
)2
=
(
∞∑
m1,m2=1
(−1)m1+m2q4m21+4m22
)
= 2

 ∞∑
m1,m2=1
m1<m2
(−1)m1+m2q4m21+4m22

+ ∞∑
n=1
q8n
2
= 2

 ∞∑
m1,m2=1
m1<m2
(−1)m1+m2q4m21+4m22

+ 1
2
(
∞∑
n=∞
q8n
2 − 1
)
.
Note also that
∞∑
n=1
(−1)nq4n2 = 1
2
(
∞∑
n=−∞
(−1)nq4n2 − 1
)
= −1
2
− 1
2
(
∞∑
n=−∞
q4n
2
)
+
(
∞∑
n=−∞
q16n
2
)
.
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So we have
∞∑
n=0
ped
−2(n)q
4n+1 ≡
(
∞∑
n=−∞
q4n
2 − 2
∞∑
n=−∞
q16n
2
+ 2
∞∑
n=∞
q8n
2
)
×1
2
(
∞∑
n=∞
q(2n+1)
2
)
≡
(
1
2
∞∑
n=−∞
q4n
2
+
∞∑
n=∞
q8n
2 −
∞∑
n=−∞
q16n
2
)
(3.1)
×
(
∞∑
n=∞
q(2n+1)
2
)
(mod 8). (3.2)
If we put (
∞∑
n=∞
q(2n+1)
2
)(
∞∑
n=∞
q4n
2
)
:=
∞∑
n=0
a(n)q4n+1, (3.3)
(
∞∑
n=∞
q(2n+1)
2
)(
∞∑
n=∞
q8n
2
)
:=
∞∑
n=0
b(n)q4n+1, (3.4)
and (
∞∑
n=∞
q(2n+1)
2
)(
∞∑
n=∞
q16n
2
)
:=
∞∑
n=0
c(n)q4n+1, (3.5)
then it is easy to see from (3.1), (3.2) that
(1) ped
−2(n) is odd if and only if a(n)2 is odd,
(2) ped
−2(n) ≡ 2(mod 4) if and only if a(n)2 + b(n)− c(n) ≡ 2(mod 4),
(3) ped
−2(n) ≡ 4(mod 8) if and only if a(n)2 + b(n)− c(n) ≡ 4(mod 8),
(4) In all other cases, we have that ped
−2(n) ≡ 0(mod 8).
We separate into two cases according to the parity of n.
(i) If n = 2m is even, then it is easy to see that
#{(x, y) ∈ Z× Z : 8m+ 1 = x2 + 16y2, 8m+ 1 is not a square}
= #{(x, y) ∈ Z× Z : 8m+ 1 = x2 + 4y2, 8m+ 1 is not a square}
=
1
2
#{(x, y) ∈ Z× Z : 8m+ 1 = x2 + y2, 8m+ 1 is not a square},
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and
#{(x, y) ∈ Z× Z : 8m+ 1 = x2 + 8y2, 8m+ 1 is not a square}
= #{(x, y) ∈ Z× Z : 8m+ 1 = x2 + 2y2, 8m+ 1 is not a square}
Note that if 8m + 1 = pα11 · · · pαkk qβ11 · · · qβll rγ11 · · · rγuu sδ11 · · · sδvv , where pi ≡ 1
(mod 8), qi ≡ 3(mod 8), ri ≡ 5(mod 8) and si ≡ 7(mod 8), then by using the
decomposition of prime ideals in Z[i], we know that 8m+1 = x2+y2 has integral
solutions if and only if βj, γt ≡ 0(mod 2) for 1 ≤ j ≤ l and 1 ≤ t ≤ u. If all
βj, δt are even, then it is easy to see that
#{(x, y) ∈ Z×Z : 8m+1 = x2+y2} = 4(α1+1) · · · (αk+1)(γ1+1) · · · (γu+1).
We obtain that a(n) = 2(α1 + 1) · · · (αk + 1)(γ1 + 1) · · · (γu + 1) if all βj , γt are
even. Now it is clear that a(n)
2
is odd if and only if 4n+ 1 = 8m+ 1 is a square.
Similarly, by using the decomposition of prime ideals in Z[
√−2], we know
that if all γj, δt ≡ 0(mod 2), then (there are only two roots of unities ±1 in
Z[
√−2])
#{(x, y) ∈ Z×Z : 8m+1 = x2+2y2} = 2(α1+1) · · · (αk+1)(β1+1) · · · (βl+1).
From the above argument, we obtain the following results. Suppose all δi are
even, then
(a) If βi is odd for some 1 ≤ i ≤ l and all γj is even, then a(n)2 + b(n)− c(n) ≡
b(n) ≡ 2(α1+1) · · · (αk+1)(β1+1) · · · (βl+1) ≡ 0(mod 8) (because there
must be another βi′ odd for pi ≡ 3(mod 8) while 8m+ 1 ≡ 1(mod 8)).
(b) If γi is odd for some 1 ≤ i ≤ u and all βj is even, then a(n)2 + b(n)− c(n) ≡
a(n)
2
− c(n) ≡ −(α1 + 1) · · · (αk + 1)(γ1 + 1) · · · (γu + 1)(mod 8).
(c) If all βi and γj are even, then a(n)2 + b(n) − c(n) ≡ −(α1 + 1) · · · (αk +
1)(γ1+1) · · · (γu+1)+2(α1+1) · · · (αk +1)(β1+1) · · · (βl+1)(mod 8).
(d) If βi and γj are odd for some i and j, then clearly ped−2(n) ≡ 0(mod 8).
From (a),(b),(c) and (d), it is not difficult to see that (for n = 2m)
(1) if 4n + 1 is a square, then ped
−2(n) is odd,
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(2) if 4n + 1 = pa2 where ordp(4n + 1) ≡ 1(mod 4), then ped−2(n) ≡
2(mod 4),
(3) if 4n+ 1 = p1p2a2 where pi ≡ 1(mod 4) and ordpi(4n+ 1) ≡ 1(mod 4) or
4n+ 1 = p3a2 and ordp(4n+ 1) ≡ 3(mod 8), then ped−2(n) ≡ 4(mod 8)
(4) and for all other cases, ped
−2(n) ≡ 0(mod 8).
(ii) If n = 2m+1, then 4n+1 = 8m+5. Since (2m1+1)2+8m22 ≡ (2m1+
1)2 + 16m22 ≡ 1(mod 8), so 4n+ 1 can not be represented by (2m1 + 1)2 + 8m22
and (2m1 + 1)2 + 16m22. Note also that
#{(x, y) ∈ Z× Z : 8m+ 5 = x2 + 4y2}
=
1
2
#{(x, y) ∈ Z× Z : 8m+ 5 = x2 + y2}.
So if 8m + 5 = pα11 · · · pαkk qβ11 · · · qβll rγ11 · · · rγuu sδ11 · · · sδvv , where pi ≡ 1(mod 8),
qi ≡ 3(mod 8), ri ≡ 5(mod 8) and si ≡ 7(mod 8), then
a(n)
2
≡ (α1 + 1) · · · (αk + 1)(γ1 + 1) · · · (γu + 1) (mod 8). (3.6)
Just like in (i), it is easy to find case by case by (3.6) for pedn(mod 8) for n =
2m+ 1:
(1) if 4n + 1 = pa2 where ordp(4n + 1) ≡ 1(mod 4), then ped−2(n) ≡
2(mod 4),
(2) if 4n + 1 = p1p2a2 and ordpi(4n + 1) ≡ 1(mod 4) or 4n + 1 = p3a2 and
ordp(4n+ 1) ≡ 3(mod 8), then ped−2(n) ≡ 4(mod 8)
(3) and for all other cases, ped
−2(n) ≡ 0(mod 8).
Now combining (i) and (ii), with a little thought, we complete the proof of
Theorem 1.7.
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